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In paper [1] the plane problem of the indenting of an elastic layer by a rigid die by a flat
base is solved .

The solution is obtained in the form of a series which converges in some interval
0KA<cEoo(h="h/a Iisthe relative thickness of the layer), However, this
method is not applicable if z; — £, 5= z,, (k, I and /% are any integers : this is in the
notation of [2]). Moreover, the characteristic singularities which occur at the points
where the boundary conditions change are not separated out in the solution, Also, the
convergence of the series is not established in the whole interval 0< A<,

Another approach to the investigation of this kind of problem is proposed below, based
on a study of the corresponding integral equations {2]. The solution is obtained in the
form of a series which converges in the entire interval 0 < A <o,

An approximate method is presented which makes it possible to write the solution out
in a form which is convenient for practical use , An example is given,

1., We first give an algorithm which permits us to construct the solution of an infinite
series of linear algebraic equations under certain conditions ,
We shall investigate the system [2]

[A + B (@]X =D .1)
where 4 and 5 (@) are infinite matrices, A and 2 are infinite dimensional vectors,
or, equivalently, infinite sequences : A -1 is the inverse of the matrix 4 ,

We shall consider as proved the existence of a unique solution of the system (1, 1)
belonging to a subspace ¢; of the space 7 [3], when D e=s,.

Here ©; consists of infinite sequences such that
oo

Maf i< eo 1.2)

i=1
and 87 issuch thatif ¥ & s;, then AA™. ¥ s associative .
We <hall assume the following properties (*) of the infinite matrices:

*) These conditions are sufficient for quasi-regularity of the corresponding system repre-
sented in canonical form ,
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1) The elements of the matrix 5(Q) are functions which may be continued ana-
lytically in the complex plane, are regular in the region Re &> 0 and all approach zero
as Reg 7 ®;

2) A7B (2) (¢;—¢y)
3) B(zX&E s tor X&a (B<Rez < oo) (1.3)
1) |A7B (2)m < oo

5) Forsome D & s, the expression 471D = X, = ¢,.

We shall denote an infinite matrix all elements of which are zero except the elements
of the first 72 columns by By(&).
Lemma , The solution of the system

[A+B,(2)]1 Xp =D (Rez > B) (1.4)
is determined by the recurrence relation
g p(n—1)
Xo= (@) = (ar—) =z —1) ;355 =gy ) Xo=(@ ()
A7V = (11,5 (0)) (1.5)
The following notation is used in (1, 5)
[A + Bx(2)]" [Br (2) — Bn-1(2)] = (&1, (K)) (1.6)

g . (k—1)
-1 — 1) — Y L S
A+ B @ = (nme— ) — T b= 2 —yy) (D)
A solution does not exist here (is unbounded with respect to the norm of /72 ) on the
countable set of zeros of the function 1+ € p,n(2—1).
In order to prove this, we premultiply Equation (1, 4) by A (by virtue of the assump-
tions (2), (3) and (5) this can be done) and we rewrite (1, 4) in the form
X,= X, — A7'B, (2) X, (1.8)
Setting 72 = 1 and taking ReZ sufficiently large, we can find, in view of the assump-
tions (1) and (4), a 25 such that
HA7B, () lm < g<t (Rez > Rezy) (1.9)
The method of successive approximations can then be applied to Equation (1. 8), which
permits us to write the solution in the form

T=[14 ¥ (~ 1 (4B, (=) | o (1.10)
k=1

Using the notation (1, 6) and (1.7) , we obtain (1, 5) with 72 =1 for Re@ = ReZ,.
It is easy to show that the analytic continuation of the functior X7 in the region
B = Rez < Re 2, carried out with the aid of (1. 5) also satisfies Equation (1. 4) for all
Re Z = 8, except for the points which are the zeros of the function 1 + €1,1(0).
To eonstruct X5 , we rewrite (1,4) for 72 = 2 in the form
[4 4B, +B, — Bl Xo=D (1.11)

. -1 . - <
If the matrix A4 + Py ] is known, then the conditions of the first part of the proof
are satisfled , To obtain this matrix, it is necessary to solve Equation

[A4 + B,]Y =1 (I is the identity matrix)



Integral equations of the theory of elasticity and mathematical physics 83

The solution of this has the form (1, 7) for % = 1, which is obtained in just the same
way as Ay , Thus, A, can be written in accordance with (1,5) for . =2,

Repeating the process 72 times, we obtain X, which, as can be verified, may be
unbounded at the points indicated in the lemma ,

Theorem . If(2) to(4) are satisfied uniformly with respect to 2 in the region
0 <BSRez<w, then HX—-anl—»oo as N- o,

Here X = X(Z) is the solution of Equation (1,1) when 5 = 5(2).

The solution obteined may be unbounded at the points satisfying Equation

lim {1 &y, n(n —1)] = (1.12)
n—>00
By virtue of condition (4), an /' can be found so that for 72 > ¥
| AT(B —Bp)llm <9<t (B Rez o) (1.13)

It is then possible to apply the method of successive approximations to Equation
A+B—Bp)Zp=D
and to write its solution Z, & ¢, in the form

{ E-Aﬁmxs BH} (B<Re z < oc) (1.14)
hA B —B) |
12, — X%l< —AT(B—B)]| | Xoll (1.15)

The inverse of the matrix correspondmg can be represented in the form

Ayt =(A4+B—B 1= {1 + N (A B — B,.)l"} A1 (1.16)
k=1

We now rewrite the original equation (1, 1) in the form
(Ao + By (29 X =D (4o =A + B (5) — By(2), n > N) (1.47)

The lemma which has been proved above can be applied if the matrix Ao of Equa~-
tion (1. 16) is taken as A% and Z, of (1, 14) is taken as X, . It is easy to verify that
the necessary conditions (1) to (5) are satisfied in this case as before ,

Therefore, on the basis of (1, 14) and (1,15}, the solution of the original problem
(1.1) can be written out in the form A = X(Z,), which is bounded almost everywhere
in the right half of the complex plane and is analytic there ., Taking any other number
% >N, we can find the solution X' = X'(Z ), where at all points of analyticity in 2

X (2Z,) = X(Zp (1.18)

These two functions are analytic and coincide for ReZ > ReZ* [2], But then,
because of the arbitrariness of 72 in the relation (1,18) , we can pass to the limit 77—
and here for fixed A the identity is not violated, Then, however, from Equations
(1.15) and (1, 16) it is evident that X, may be taken as Z, and correspondingly At
as Ay . This last result means that the theorem is proved .

Let us determine the error in the 72th approximation, We take 7>/ and find the
solution X, of Equation (1,4), Then the solution of Equation (1, 1) can be written in
a form analogous to (1, 14), viz,

X={r+ él(---x)" (47 (B — B,)"} X,, (1.19)

From this we obtain the estimate
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AT )
— AT B =B
Since the solution X, is almost everywhere bounded as 77— w , it is clear that

”X An H — 0 at the same rate as ”A (B -5, )Hm—> 0,

By requiring that the argument Z in the solution X(Z) be on the real axis, we obtain
the solution of the system (1,1), It is only necessary to verify that the given @ does

not belong to the set defined by the condition (1,12) ,

X=X, < 1X,] (1.20)

2, We shall now reduce certain integral equations to infinite systems of linear, alge-
braic equations ,
a) Let us examine Equation

a

Sk(x—'é ), (g)<l~—ne”‘ k(l):SL(u)

—_ ¢ o
where u'lL (W) is a meromorphic function whose properties are described in detail in
[2]. A solution ¢,(x) € L, (—a,a) issought, Asisshown in [2] , the solution of
this integral equation has the form

cosutdu  (Jz|<a)  (20)

gq @) =K 2(m) ™ + Dyt (a, ) oxp iz (a + )+ 1,7 (2, 1) xXp iz (a — )]
k=1
Yyt e a, Y (g ) Ea (2.2)

The corresponding infinite system is representable in the form (1, 1), where

A=(‘1r,l):<gri—z1)’ B=(b, )= (:t e;pja;z)

p—iy= K (—ni_g—:Fgf—a)) (2.4)

-1./}\-+ (ll, 7]) = ?rl};- (a)_ n)r xli = Ul+ j: yl—9 X = (.’L'[i)

in which either the upper or lower signs must be taken throughout,
b) Let us consider Equations
a

2n

Caw oo vk oo wodo=2nnricorne (0<o<om 0<r <) (24)
[\
k(r, p, ¢, ) = S L () Jo (uR | h) du, R=VrEF o F orcos(9g—v)  (2.5)

0
Using the representation of the function Z (&) in the form of the sum of its principal
parts and also applying the "addition formula" for Bessel functions, we may rewrite

Equation (2, 5) in the form (2.6)
S - I (10) Ky (Ypr) 7>
kir,p, )= > M 2ix,,8,, [2— 8, ) cosk (¢ — ) ( ke imE ?
,,,>:1 ,;;0 ok I (1) Ky (1) r <
N LCESYSN "L, Mt ) )
Bk = {1 (i = k), m= {[L(Zﬂm)J } ’ o= U 2= 1By

where </, (2) is the Bessel function, and £,(2) and A, () are the modified Bessel
functions ,
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Just as in [2], it can be shown that the solution of Equation (2, 6)
7 (0 ¥) €714 (0, a; 0, 2n)

has the form

0

q(p, P)= {Un,u‘]-n () - D Vn K, (8;a) I, (8p)] cos np (
I=1

0pea ) 2.7)

0T <21
where the Up o are the elements of an infinite sequence 17, & ¢

In the same way as in [2], we obtain the following infinite system for the determina-
tion of the Up i :

§ 8K, (8,8) 1y (8,8) Koy (100) + 1Koy (8,) T (8,2) Ky (1,8) |
(=1 (611 - Tmz) Kn (Tma) !

WK (1) S ey M2) + 7, K54 (1,8) T, (na) ‘
- (M + 1,2 K () K, (1,,8) (m=12..) (2.8)

We now examine the limiting values of the left-hand side of the system (2, 8) as
@ — «, Making use of the asymptotic formulas for the Bessel functions, we find, in the
limit, Expressions of the form

! 1 L . o
Ziz_; i Pn (v, =lim a™ton, 1) (2.9)
1=1 l>m l Q=00
The system (2, 8) can then be represented in the form (1, 1) if the following notation
is introduced :

1 K, (Tpa) Ty (n2) + 1,,K, 4 (1,,0) 7, (na)
A =(ap )= (im 7 ) D=y = (" T TR R ) )
B=(b, )=
(511‘%(5:“) Loy 6,2) (K (Y00) + 1 1, (8, (0) K, (8,0) K, (1,,0) 1
= =1, DK, (v, a R )
lU,n’l
X = (Zaz, ) (2.10)

It is obvious that by virtue of (2, 9), and of the fact that the elements of the matrix
B (2) are analytic in the right half-plane, these elements vanish as Rez - @,

Let us find the expressions which are needed for the application of the results of Sec-
tion 1 to the systems which have been obtained , In the case of Equation (2,1), we
have [2]

7"1i (0) = (1]) et j: ¥} (— T]) ema’ ¢ (7]) == [K+ (T]‘ (TI - z[) K+’ (““ zl)]_l
- exp 2aiz ot
afm(O)zErl'r(n)br’m:i[“”( LY — 1 =
ot S 2) RN EINE — ) (6 2,)
exp Zaime+ (z,,,) 1

7 , T V)=
K~ ) G T 2) b O K (S G — 2
The corresponding expressions for Equation (2. 4) can be represented in the form

(oo}
pyMma)ln+z)K_(m)+(m—z) K _(n)]
zl(0)=211,m(0)(lm= a2 ZK'—ZI) = DY I -
m=1 - ( 1 (n '""7‘1) (n)
iJn (’]a) [ Kn—]_ (_' “1‘1) Kn—l (i'fla) ]
TAK (—z) \L(n—2) K (—in) K ()T (M+2z) K, (ina)K_(m) ]~

(2.41)
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1 §° 1K,y (—ita) K_ (1)t }

TV ) =) (=) K, (— ita)
—00
i iK (—iz_a)l  (—iz_a)K, (z_)
0) == A0 b — n m 7n—1 m +Y9m
*1.m ) ,‘Z:f“‘( ko m (2 +2) K (=2)
I (—iz ) K (—iz a) )
ik, (— 1) (2.12)
[°° tK_ () K,_y (— ita)dt K, (2,) Ky (— i2,0)
S(t—zl)(tz—zmi’)l\'n(—ilu)_ - 24 2z (z,, +zl)K (—~LZ a) »m
—00

Now, in order to apply the results of Section 1 to the infinite systems (2, 3) and (2, 10),
it is necessary to verify that the conditions (1) to (5) are satisfied . Itis obvious that
the condition (1) is satisfied in both cases . In order to verify that the conditions (2) to
(5) are satisfied, we give the following estimates [2] which can be easily obtained from

(2.3) and (2,11) : P
an Az(a,r,z)“'(J—» B:(br,l)ﬁ,(rﬂr—l,), ]):((1,.)~(%) (2.43)

r—1
Y
Xo(x( (0))’*(1—1”), A Z(Tl,r)"" (;TF—_ﬂ) , (r — o0, [ =00, 0 7<)
The corresponding estimates for the case of the second system (2. 10) have the same
form as (2, 13) for all the matrices except the matrix 5, The following estimate is
obtained for the matrix 5 :

1 1
B=(, )~ ((z —Emt = z) (r = o0, | - oo) (2.14)

All the estimates of the elements of the matrices of (2, 13) and (2, 14) are given cor-~
rectly up to the factors of the foorm ¢ In£ and ¢ In7,
In what follows we shall use the following result, the proof of which is omitted for the

sake of brevity, If X = (2)) € ¢;, then

oy fz
EIT:;—I—.?/,, Y=@)em  (r=12_.)
=1 (2.15)
=@ hnea 0y
The prime of the symbol 2 denotes that the term corresponding to 7 = £ is dropped ,
To ensure that, for instance, (2) is satisfied in the case of (2, 14), it is sufficient to

prove the convergence of the series
o 0o oo

202 2lwab] i

=1 7r=1 k=1
This series is majorized by the series @/ (¢ = const)

00
1 1 1
l%—ig1 ,‘21 Y[r 11Ik—rl( k 75_+7)
Then, op the basis of (2, 15), we obtain
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(o] OO, [ee) [e o]
Lo B . -
2 | &
I“' koaroy | R—rlrTR ST T _’I’ (k + ’))
1 ot o !
<[_:‘|f‘2<”3 =3 ftazm)l—_ﬁ)<w
k=t r==1
— - N _ -
cz:sS\:PIEl 1-Ylr—1t] Ca—Sl;PZ P k—r|® Mwhl,:lek-——er-}-r)"/z
= r=1 r=1

Now it has also been proved that condition (4) is satisfied ., It is clear that we can
take any number as close to zero as desired as B (see (2) to (5) ).

In a completely analogous way we can verify that all the conditions (2) to (5) indicated
in Section 1 are satisfied ,

Thus, the result of Section 1 is applicable to the infinite systems (2, 10) and (2,12) ,
Their solutfons can be written as the limit for 72 »® of the recurrence process (1, 5) ,

Requiring now that the argument & in the solutions of the systems which have been
obtained vary on the positive part of the real axis , and constructing Expressions (2. 2)
and (2, 7), we find the solutions of the integral equations (2, 1) and (2, 4) , It is now
necessary to ensure that the solutions X', which have been obtained are bounded as func-
tions of @ for @ >0, i, e, that there is no value @1 > 0 such that some X, (@)~ ©
as @ =@y ., Or, in other words, we must verify that the real axis does not intersect the
set determined by Equation (1.12),

We shall restrict ourselves to the case of Equation (2, 1), since for Equation (2, 4) every-
thing is carried out in an analogous manner ,

We shall assume that a uniqueness theorem holds for Equation (2, 1), i. e, that from
Equation a

(re—ne@a=0  (z1<a 0<a<oo) (2.16)
—a

it follows that ¢ (§) =0, |[§| <«

Let us assume that (2, 2) is the solution of Equation (2,1), Then

a oo a
K § k=8 e+ Rl § ket opis @t e+
—a =1 —a
a
¥, (e, ) S k(xr—E)expiz,(a—§) di] = me'™® (z]<a) (2.17)
—a
Taking into account the linear independence of the functions expinX, explZiX
(%=1, 2, ...) and also the condition (2. 16), we can see that all the terms on the
left-hand side of the identity (2, 17) are linearly independent functions and, therefore,
that the terms containing coefficients which might be unbounded can be regarded as
mutually independent .
Let us assume that some Y (CZ M) for @ -@; . Butthen from the bounded-
ness of the terms of the series of (2, 17) for all @, it follows that
ay
{ ke—gexpis (atryaz= Izl <a)
“a

which contradicts the condition (2,16) . Thus, all coefficients of the expansion (2, 2)
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are bounded for 9 < @ <, and it follows from Equations (2, 3) that the corresponding
X\ (@) are also bounded ,

3, Letus examme the case of Equations (2, 1) in greater detail, By finding corre-
sponding values of Y¥ and ¥~ on the basis of Equations (2, 11) and substituting into
(2.2), we can write an expression for ¢, (&) in the form

g, (@) = K71(n) €™ — K71 () e (i, a4 2) — K_ () " (— im, @ — ) +-
+ QoM (— iz a b a) + 6,79 (— iz, @ — )] (3.1)

=k1

The quantity O ki is obtained from the expansion

xt 27 -hm(xl"(n)ixl () =2¢,(+mn)e etina _

ZK (—2) ( k1 2)

1 ¢ it
YO =55 S K, () (e —ir)

6y, ~ O (exp 2aiz,) (k- oo) (3.2)

Considering that § (T, %) is the solution of a Wiener-Hopf integral equation of the
following form :
% t
S E(t—E)P(r, £)dE = ne™ +T<‘+1T1;)S E(t—E)edE  (0<t< o)  (3.3)
o 0
we can formulate the result obtained in (3, 1) as follows, The solution of the integral
equation (1, 1) can be expanded into a series (of the form (3 1) ) of solutions of the inte-
gral equations (3, 3) with T = =172, . The coefficients of the expansion are obtained
in accordance with Equation (3, 2) .

The set of the first three terms of the expansion (3, 1) provides the zeroth term of the
asymptotic solution of Equation (1, 1) for @ -+« , which was first obtained in [4], and
somewhat later in [5]. The additional series is a regular expansion of the remainder
term, As is apparent from (3, 2), this series converges like a geometric progression,
and its convergence deteriorates only when @~ 0,

A representation which is analogous to (3, 1) can also be given for the solution (2, 7)
of Equation (2, 4) , However, in view of its complicated character, this formula is not
given (it can be obtained on the basis of the relations (2, 7), {(2,12) and (1.5) ). We
mention that the corresponding Oy, unlike (3,2), are now of the order 0 (32,2 ).

In the practical use of the results which have been found, it is important to be aware
of the fact that if the process (1, 5) is terminated at the 72th step, then in Expression
(3.1) a partial sum consisting of the first 72 terms is obtained instead of the whole series,
This makes it possible to control the accuracy of the results obtained, by investigating
the orders of the successive terms which are given,

We note that if the approximate solutions ¢ .. and g of equations (a) and (b) found
by the method indicated above have a certain accuracy for @ = @ *, then this accuracy
is not reduced for values @ = @ *,

This fact permits us to construct a combination of solutions with the required accuracy,
consisting of solutions obtained by other methods for 0 <@ =@ * and the solution
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obtained by the method proposed above , It is sufficient to construct @, and ¢ with
the required accuracy for @ =Q*, i

As an example, let us consider the integral equation of the plane contact problem of
the indentation of a perfectly rigid flat die into an elastic strip which rests without fric-
tion on a rigid base [6]., There is no friction between the die and the layer,

The integral equation can be represented in the form of (2,1), We introduce the

notation a=ay/h, w=ylh E=mnlh g =qg%m/h

where @1 is half the length of the line of contact, A is the thickness of the layer,
@o*(8) 1is the contact stress, and TTA /A is the right side of the integral equation, with
. Lu sinh2y E
K= i)“u@nhzu-i.zu)’ A=gi—o (3.4)

By factorizing A'(L) into an infinite product, we can write the solution of the inte-
gral equation in accordance with (3,1) (*) . However, it is difficult to obtain formulas
which are suitable for practical use in this way ,

itis , therefore , proposed to carry out a twofold approximation, namely

_T(g/B—iu/BT (kg /B+iu/8) pa(w) B
K™ T 0w/ BT AT 5B+ /B g~ GO

where ['( %) is the gamma function , and P, and 7 are even polynomials of equal
degrees, The use of the approximation (3, 5) permits us to represent the function

¥ (T, £) in the form [7] (and by the same token to separate out the characteristic
singularity for Z = 0)

n

Po(x, t) = K, 71 (iv) e™erf ¢ V(B Fv) t — () %5 ¢~ Bt 2 e (v) erf V(B—1iE,)t

k=1
YE=Tin (e ri* ()
S L (=

where &, are the roots of the polynomial p; which lie in the upper half~plane ,
The approximation (3, 8) allows us to obtain O in a rather simple form, as for

example e (—n) e —e, or(n)e ™

ort (1) = Fp—— K, (z1) exp 2aiz; (3.8)
For the approximation (3. 5), the expres;ions which occur in (3, 7) are easily computed,

The possibility of introducing the approximations (3, 5) and (3, 6) follows from the
fact that the solution ¢, (B} in(3,11) can be written in the form of integrals along the
real axis containing the functions A.(Y¥) and A_(4). Consequently, the solution does
not change greatly if these functions are replaced by their approximations ,

In the case of problem (3, 4), the approximating functions corresponding to (3, 5) and
(3,6) have the form (P, and 7, are of fourth degree)

" The presence of multiple roots in the function X (%) is obviously unimportant, It
is possible, for instance, to pass to the limit in the equations, considering that two
neighboring zeros coalesce,
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V ut 4- 1 (ut - 12,469 n? 4 24.692) tanh 0.5 1 1t 4 51689 02 - £.6757 o
(@ F 2) (& T 10115 w8 |- 24.602) ° P SR AR ¥ PR 1y AR CAL
Eu==1.57430, Z = 3.4623i, 2y = 1.0B12i, 2, = 2i, z,,, == 2ni

The error of this approximation does not exceed 2, ¥ .

We shall now attempt to constzuct the solution of the problem correct to three signifi-
cant figures for the values 0,25 =@ < o, using the approximation in (3, ¢), In order
to do this, it proves to be sufficient to take two terms of the series and the principal
component §1(x) of the third term, since all the succeeding terms do not affect the
third significant figure for @ = 0,25,

The solution may be written in the form

g (®) = AR {2 — V290, a4+ 2) 4+ (0, a —2)] 40y [ (1.0812, a + ) +
-4 P (1.0812, a — )] 4 0y [$(2,a G 2) -V (2,a — )] 4 P (&) + o (13585
6= — [ ) (0) (1 3]2821) _ T (0) £19

] 01,29633 o~2-1623a

1+ & Az Ay
. z9 (0) 12821\ %1 {0) 8211 _4a .
Gy = — L . (1 + 2 ) A | 026088 e (3.40

In Equations {3, 10}
7 (0) =2, (0), & ==l (0) Ar=1-fe  +8, 8,6,

g, 1= 0.046420 ¢~218%¢ g  — _.(.025385 71

g, 5 = 0.028681 e, g, = — 0.037433 216230
25 (0) 0.35836 ¢ 12-666a ( o (a+x) (=) )
Yi(z) = (1+g Vﬂ(a+x)+ Vae—5

For comparison, we give the results of calculations for g*= @1go(X)/2 according to
(8. 10) together with the corresponding result obtained by the method of large A =R/l
due to Aleksandrov [6].

x= 0 0.2 0.4 0.6 0.8 0.95
¢*=0.58 0.590 0.632 0.717 0.93%4 1.785 0.551
e = 0.597 0.608 0,645 0.730 0.956 1.809 0.562

The last column of the table contains values of
lim Ve — 22aiq0(2) / A
xX-+a

Apparently, the difference in values of the solutions which are seen from the table
arise as a result of use of the approximation of (3,9) ., Numerical analysis indicates that
the bigger @ is, the more stable is the solution as regards approximations, For instance,
for @ = 0.5 , the deviation of the solution (3, 10) from the corresponding solution ob-
tained by the method of large A is reduced to under 1,5%.

The author thanks I, I. Vorovich and V., M, Aleksandrov for the attention they have
devoted to this work ,
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